Foundations of Probabilistic Proofs

A course by Alessandro Chiesa

L ecture 23

Limitations of IPs

These slides are licensed under the CC BY-SA 4.0 license.
BY SA


https://creativecommons.org/licenses/by-sa/4.0/

IPs with Bounded Communication

Let TP[ PC=|] = ”lomguases decidoble via IPs where the prover sends | bit .
Q: Is IP[pc=|] trivial (contained in BPP) ?

UnliKer/ becouvse GNI € IP[Pc=|] and GNI is not Known to be in BPP,

=% Fyven IPs with small communication complexity can decide non-trivia| Iomsuagqs.
Q: Can we hope for SAT e IP( pe = o(n) ] ¢ (Pc is sublinear in the number of variables n)

Note that SAT € NP< IP so we are asKing if there is an IP for SAT that

provides an improvemen+ in communicotion over the trivial IP (send the candidate assisnmen+).

Today we study IPs with BoundeD ComMuNicCATiON :
" prover sends pc bits
« TP [Pc, ve,vr]= Iangvage.s decidable vioa IPs where {veri(fier sends vc bits
o U verifier uses vi random bits

\

° AM [P(_/vr] = /,SQMQ bvt Via, PUb“C'COin IPs (where ve=vr)

- Bowvs: a\3ori+kms for IPs often serve as
We see ALCIOP\lTHMS FOK IPS/ QXPOS"\S o connection l)Q,'l'WQQl\ tools to prove limitations of PCPc ond IOPs ,

the communication complexity of an IP and the time complexity of the language it decides.



Warmup: Short Proof = Easy Language

[1/2]
Define

NV[PC]’: ” NP lanquages where the proof string (ie. witness) is pc bits '

lemma: NP [pc] & DTiME (2277 poly(n) )

proof: Try every possible proof string,

A(x):= |. For every NP ProoF 'f're{o,l}rct i Vip(xT)=1 then ovtput .

2. Ovtput O, |

Next we consider Proo? strings checKed with rondomness .

Define MALE,E, pc,vr]= Y anguaaqs decidoble Vio pc-bit proof strings with completeness error €

. ||
and soundness error €, Using vr bits of randomness

lemma:  © MALE &, pc,vr] € DTIME( 20(p<4¥*). poly(m)

@ MALE, &, pe,vr) € BPTiME (290 poly ()

1-€~€/
Proof of M : *ry all possible proof strinas ond randomness strings .
y alp P 9 3

Proof of ®: we need o new ideo becovse we cavnor offord trying all rondomness strings



Warmup: Short Proof = Easy Language [2/2]

BPTIME ( 200P<). +poly (— /V\))

MALéc, &, pe, vr] €
TIdea: APPROXIMATE the acceptance probability for every possible MA proof .
Alx)=|. Sample g\,...,gee{O,l}vr.
2., For every MA proof Fefo) - o :-sc
. Compufe N(F) = | {ieled: VMA(x,ﬁ,‘gi)zl}l. -€-&3 T "F;"e‘
T I- c g .
o If MC) 5 BEtS fhon output 1. 16
L o

3. Output O,

Define 2(F,g):="indicator that Vi, (x,¥js)=1",
2(%,¢),.,2(TF9.) are iid. somples from the Bernoulli distribution with bias &(¥):= B [Via(x¥;g)=1]

By an odditive Chernoff bound , E gb[|ng‘z‘2(ﬁ3i)‘5(1?)‘>v(]&Cx?(—t'(xl),
xel = 3w d(m)=zi1-¢
—> We need 0§< (0- -&.)- &) to d|s+m3u|sl\ between these .

xglL —» ¥ 7% §(F)<&
For such & Pr[ Ax) errs] <f)—[31re{of3r‘ |N(ﬁ) 6(Tr)|>o<]< - B‘.[lb_’(&_m-d(ﬁ)lm:l s 2™ exp(-(:'otz).
N

SeH'm3 E:=0Of xz) O(( e e)z) ensures that A has constant +wo-sided error.



The Case of Interactive Proofs On the Complexity af Interactive Proats

£

with Bounded Communication
Oded Goldreich Johan H3stad S% ¥

Weizmann Institute KTH L

A similar stotement holds for any IP,
theorem: ([ IF[£<,ES,PC,VQ, vt] € DTiME (20(pc+vc+vr).Po|y(n))
® 1ple, & pevevr] < BRTIME( 220 poly (=)

® If we bound (+wo-wcxy) communication and randomness by B
What obovt ONE-WAY

+hen we can decide the language in deterministic 2 2°® tFime .
communication (pc only) ?
@ If we bound (+wo-way) communication by B (and not bound randomness) We discuss this later.
+hen we can decide the languase in ProboJ:iliSHc = 20® time .

Exomple for 3SAT: it is unlikely that 3SAT€ IP[pc=0o(n), vc=0o(n) 1.

Randomized Exponen‘l'iql—Time

I+ would imply thot 3SAT e BPTiI"lE(l°("))/ contradicting RETH ./HypoH\eS'lS: Jevo 35T BPTIME(25M)
SuccineTvess REQUIRES CoMPUTATIONAL ~SOUNDNESS :

We have seen how using cryptography (e.q. collision-resistant hash functions) we can achieve
succinet interactive arguments for NP, For example , an inferactive protocol for 3SAT where

pc+Vve = poly (3,logn)  whose soundness holds against poly (A)-size maliciovs provers

The above theorem implies +hot compu’rahona\ soundness is hecessary for succinctness .



Game Tree for an IP

Fix an IP verifier V and instance x.

The TP gome tree T:=T(V,x) of V(x) is the tree of all possible avgmented transcripts .

0
The tree root ot level 0 denotes the empty transcript, essages
|
verifier
MQSSGﬂCS
Every verfex in the tree represents : e
PI’OVQl’
. MQSSQﬂCS
= a transcript  (oy,by,..,ai,bi) where the prover is about to move 3
- a +romscrip+ (Ou by,... &, bj ,Gm) where the verifier is about to move F
CS (b) 2K
= a full tronscript  (au,by,.., 0k, by ), oot
OO (®) 2k

- an o.vgmen‘red tronscript (ayb Qy, bk g)

///

b,- V(X Q\ )
The randomness strings consistent with tr=(a,by.,aibi) are R[xEr] =={g€ {on}" Ez V?(,Q',Qz/?) )} ,
V(x,a,..,Qi;$
Define RLx,(@yby,..,aibi,am) ]:= R[x, (@b, a,bi)] .

i+

The possible prover moves for tr=(a,b,.,aibi) are GL.HG{OI}PC
Q.,b.,am) ole {bm R[x (al bl, ,allbl,al'l'l bI'I-I)]#:¢}
ae b)) are R[xtr]

The possible verifier moves for Etr=(ab

A v

The possible augmentations for tr=(a b

AV



Approximating the Value Suffices

. (o)
The valve of the tree is  val(T) := val (root) | prover
MQSSGSQS
|
The valve of the verfex s tecursively defined ; m&%&
+ val ( leaf vertex tr:(at,bi,...,ﬂx,bg,g) )"-‘ V (X,G.,...,QK;?) . prover *
MQSSO&SQS
+ vaol ( Pre-leo@ vertex tr=(a b, .0k be) at level lk) 3
= [ [VOJ( child vertex (m,l»,...,ax,bk,?) ) ] :. ...-"
g R[x ] d ™ -
+ va ( internal vertex Er = (a,by, .. a;,b;) ot level 2 ) conslstent
O 0O (® —2k+

= . val (cl'\i\d vertex (au, by .., a; bi, Qin) at level Zi+l)

ai+|€ {O,I} *

- val ( internal vertex Er = (ay,by .. a; bi,ain) ot |evel 2i+\)

= [E ]vcxl (chi\d vertex (Qu,by, .., Qi bin=V(x,0,.,0,0i3)) ot level 2it2 ) |
g<—R[X,+r

We showed that val(T) is computable in spoce Poly(n) (and +Hhs time 2'”"“‘)),

TopAy: it svffices to approximate val(T)  which we can do much faster than time pore

within_a_small-enough additive error
with constant probability of error



Bounded Randomness & Two-Way Communication

t+heorem: IP[&,Es,PC,VC,V\‘] € DTIME (2°(P°*V°*V")-Poly(n))

Let C:= pctvetvr be & bound on communication plus randomness,
The number of vertices in the tree T(V.x) s 20 Locause
~ the number of possible transcripts is <2F™C,

— each transcript has <2'" possible augmentations,

2O(C)

Hence we can COMPV"'@. val (TV.x)) exad-ly in time -Poly(n)/

by writing down the tree T(v,x) and recursively computing its value,

Q: How #to compute  the probabilities of verifier messagcs?

Associate to each verifier vertex +he set of rondom strings consistent with the Franscript so far .

Tterating over this seb portitions it by the next verifier message.

No partitioning occurs at prover nodes , so the some randomness may oppear in  moltiple leaves,

NoTe: con Set C=pctvr because the number of ougmented transcripts is <2F"""



Bounded Two-Way Communication

theorem : IP[EC/ES,PC Ve, VI'] c BPTIME(20(PC+vc) PO')’ (' e 8s’n))

Let (P,V) be an IP for LeIP[&,E,,pc,vc:/v\-],
Let c:=pctvc be a bound on communication ONLY,

There are €2 possible transcripts, hence <% internal vertices in the tree T(Vx).

. ly(n)
ProeLEM:  each transcript may have 2"=2""" avgmentotions

- poly (l—slc-es )

hor Compute the probabilities of verifier messages in T, x),

so we cannot construct the tree T(V,X) in time 2°¢

IpeA: use randomness to APPROXIMATE val(T) with bovnded probobility of error.

We design o 2°€. poly( n) - time probabilistic algorithm A <.

e[ 1400 - val (TQ0) | > € ] <

-_O ’ T '
I e
- xelL = val(T(v,x) 2 1-& gt e
Sd‘l‘ing £< —— suffices becavse . -6 + ——
xgL - val(T(v,x) < &
- 88
L o




Proof
A(X) RQCQ\\:
o t:ze(z;c)' :z_Pl::Ces
- 2

2. Soample g,,.,9, €{o,}" (independently and at random).

3. Construct T(Ve,x) the gome tree for the verifier V(x)
Festricted to sample randomness in R=={§‘,...,g.:} rather Hhan {o)}".

4. Compute and ovtput val (T(V,x)[R]),

200, Po\y (£,n) becavse:

The algorithm runs in time
- T(Vg,x) has si'e 2°%1R) = 229 = 229 o(£g) = 229 &

~ the running time is Poly(lT(Vg,X)I,h) :

We are lef+ +o argue CORRECTNESS . The Fo||owin3 lemmo. suffices .

lemma.: -E"[ | val (T (Ve x)) = val (T(v,0) | > € ]s exp(coZ‘-O(i‘U)é,TIo .

Henceforth we write T :=T(v,x) and Tg:=T(V,x).

[1/4]

10



Proof

[2/4]

emma: B[ [val(To) vl (1)] > €] ¢ 1%

100

Define \g to be the verifier V restricted to sample randommess in R rather than (01"
Observe that \/Q\(TR) = max P"[<§,V|z(")>"]-
P

Fix o prover strafegy TS and define -

A(PR) = B [KFVixe>=1] - B [<FVixg)r=1]
geR gefo)}

Pr [<F Vel y=1] - £ [<P,vind=1]

_J

dzpe::is on R independent of R

Observe +hat _El—[ IVQ‘(TR ) - va\(T)l > 5] < E\—[ﬂ ’f; : l A(E/R” > 5] .

Tndeed , for every choice of R, the event on the left implies the event on the right s,
e val(Te) » val(T)re = B [CKPF ix)>=11> BKPVIn=1]+e = B[<B vi>=1]+¢
c val(T) > val (Te )+& > B [CPIVIO=]> B [KPF Vex)>=1 ) +E 2 B [P Ve (0)=1] 4 €

We are left to prove cloim: %[3?!|A(§,R)I>E] < :Tlo , B

11



Proof [3/4]

cloim: %[3? IA(P,R)|>E] < —,;—o :

O We vse a concentration argument  to show thot A(PR) is small whp. over the choice of R :
~ - —2.8%t
¥ P, %[|A(P,R)|> ¢ ] ¢2e™ "
Define 2;==<"5,,V(X,' ¢,)? where ¢ is the i-th random string in R.

The random Variables 2, . 2. are iid. becavse g,,.,9, are iid.,

Observe that: -« E[Zi] =B—[<§,V(x)>=|] becavse each ¢, is random in {o}"
o 2t -¥2e _ f\’[(f?\,\/g(x)):\]

t

Hence : JF?{[ |ABR)|> € |

E’['fr (<P Velby=1] - fr[<'l3',V(x)>=|]|> £ ]
B [|2ern e ]e g e
\

additive  Chernoft  bound (for 21,2 iid. in [o,d)

12



Proof [4/4]

claim: %[3 P lA(ﬁ,R)|> E] < ——

oo °*

O We vse a concentration argument  to show thot A(PR) is small whp. over the choice of R :

- ~ —2.68%t
vF, Blla@FRI> €] <2e V4
@ We vse a union bound to conclude the claim's proof ,

Any . prover P is o function from //+ramscrip+ so far to “next messaso.“,
(-
There are at most (2° 2 =2C.2C provers (the input and the output is ot most ¢ bits) .

<
By o union bound on all Such provers and +akin3 t:@(cgg) large enous}\ )

-2.8. t

~ ~ ~ c.2°
%[ﬂ’ | A(P,R)|> € ]$§%[IA(P,R)|>E]$2 .2-e < 1o



Bounded One-Way Communication [1/2]

The case where we bound ONLY prover communication is more delicate ,
With perfect completess, we can non-deterministically decide the complement of the language

theorem: TP[¢€.=0 Es<1, Pc] c coNTiME (2°¢<). Poly(n))

The proof taKes o different approach from others in this lecture :
the nondeterministic  decider receives as witness an a“esedly winm'ns s+m1‘egy (of size 2°(”‘)-Po|y(n))
for o player in a perfect-information 2-ployer game that hos a winning strategy iff x&L .

The existence  of the winning  strategy is shown via Zermelo's theorem (o result in gome theory),

NoTe : we CAwNOT expect an upper bound such as BPTIME ( exp(pc) - poly (e, n) ) .

1~€ /
Indeed, GNI € IP[&'—'O, £s='/7_,[>c=l/ ve=n*] and GNI is not Known to be in BPP,
The theorem tells vs that GNI € coNTiME(zo(')'poly(n)) = coNP, which is indeed the case ,

Moreover, prior theorems on pc+ve do not yield unexpected —conclusions becavse vc=n* is large .



Bounded One-Way Communication [2/2]

Next we discuss the case where perfect completeness is NOT required .

The  valve-approximation strategy can be generolized to work with any IP  when given
a random continvation sampler (RCS) for the TP,
Public-coin TPs hove trivial RCSs, while general IPs may not have an efficient RCS,

Nevertheless an efficient RCS can be constructed given . an NP orocle .

theorem: (D AM[&,S K Pc] = BPTiME(lO(PC)- P°I)’((l—£|:-es)K/h))

NP<—We CANNOT expect to_remove +his/ since

@ IP[&, &s, /PC] = BPTiME(ZO(PC)' Po|y((|__£|:_€s)'<,h)) GNIe IP[Ec=0, &=t k=1, pcet, ve=r?].

NoTe : The public-coin TP for GNI hos large pec, so we do not obtain unexpected conclusions.,
Indeed, pc=0(n*) becavse the prover sends (H,mg) where He{o,l}"z/ Teaut(H) and @:[n]=[n] .

From © we infer that GNI g AMLe=l &<l k= O(ll;’log“) pc=0(logn) ] or else GNIEP.

The Stote 04‘ 'H\Q. ort iMPr oves @ . On Interactive Proofs with a Laconic Prover

Oded Goldreich Salid Vadhan  Avi Wigderson
Weizmann Institute Harvard [IAS

£ 8

theorem:  Tp[ K pc]<c coAMK'=0(K), pc'= 27 poly (kK n) ]

15



Bibliography

Limitations of IPs

» [BHZ 1987]: Does co-NP have short interactive proofs?, by Ravi Boppana, Johan Hastad, Stathis
Zachos.

* [GH 1998]: On the complexity of interactive proofs with bounded communication, by Oded Goldreich,
Johan Hastad.

« [GVW 20083]: On interactive proofs with a laconic prover, by Oded Goldreich, Salil Vadhan, Avi
Wigderson.

* [CY 2020]: Barriers for succinct arguments in the random oracle model, by Alessandro Chiesa, Eylon
Yogev.

16


https://doi.org/10.1016/0020-0190(87)90232-8
https://doi.org/10.1016/S0020-0190(98)00116-1
https://www.math.ias.edu/~avi/PUBLICATIONS/MYPAPERS/ODED/IP/FINAL/paper.pdf
https://eprint.iacr.org/2020/1427

